Abstract. If p/q > 18, p is odd, and p/q = 37/2, (p, q)-Dehn surgery for the (-2,3,7)-pretzel knot produces a 3-manifold without Reebless foliation.
introduction
Every closed orientable 3-manifold admits a foliation with Reeb components [Rol] . On the contrary, Reebless foliation F reflects the topological information of the ambient manifold M ⊃ F. Novikov [No] showed that leaves of F are π 1 -injective and π 2 (M ) = 0. Rosenberg [Ros] showed M is irreducible or M ≈ S 2 × S 1 . It follows that F lifts to F which has planar leaves in the universal cover M . Palmeira [Pa] proved that any simply connected (n + 1)-manifold, n ≥ 2, admitting a smooth foliations by planar leaves with codim=1 is diffeomorphic to R n+1 . It follows that the universal cover of M is homeomorphic to R 3 (see also [CC] for the proof). Especially, M is irreducible and π 1 (M ) is infinite. Let E K be the (-2,3,7)-pretzel knot complement (Fig 1) . And let E K (p/q) denote the 3-manifold obtained by (p, q)-Dehn surgery along the (-2,3,7)-pretzel knot. It is known that there is no closed essential surface in E K and the boundary slopes are 0/1, 16/1, 37/2, and 20/1 [HO] [Oe] . Furthermore, E K (16/1), E K (37/2), and E K (20/1) are toroidal [HO] . E K admits (finite) cyclic surgery along 18/1 and 19/1 [FS] . And Blieler and Hodgson [BH] showed E K (17/1) is a Seifert fibered space with finite fundamental group. In particular, E K (17/1), E K (18/1), and E K (19/1) have no Reebless foliation by virtue of Rosenberg's Theorem. E K is fibered over the circle with genus 5 surface whose monodromy is pseudo-Anosov and hence hyperbolic. The suspension of the stable laminations gives an essential lamination L in E K with degeneracy slope =1(18/1) [Ga] . L remains essential in E K (p/q) if |p − 18q| > 1 [GO] . If p is even, L extends to a taut foliation in E K (p/q) by filling complementary regions with a bundle of monkey saddle except p/q = 18/1.
Using the technique in [Rob] and [Li] , one can prove that E K (p/q) has a Reebless foliation if p/q ∈ (−∞, 9). This is done by attaching product disks to the fibers. Theorem 1.1 (Main Theorem). If p/q > 18, p is odd, and p/q = 37/2, then E K (p/q) does not admit a Reebless foliation.
The quotient space M / F is called the leaf space. An open transversal to leaves gives an 1-manifold structure if F is a Reebless foliation. The leaf space is a nonHausdorff simply connected 1-manifold. There is a natural action of π 1 (M ) on the leaf space induced from the action on M . And this action has no global fixed point (see [Pa] ). We will prove the Main theorem by showing there is no nontrivial π 1 -action on any leaf space. Our technique are much the same as in [RRS] .
Calegari and Dunfield [CD] notice that F gives rise to a faithful π 1 -action on the a (universal) circle. They showed there is no taut foliation in the Weeks manifold (the closed hyperbolic 3-manifold with smallest known volume).
Our method is not applied to the case p/q = 37/2. Indeed, E K (37/2) contains a Reebless foliation. But this foliation is not taut, because it has dead-end components. The following is commented by Rachel Roberts. Lemma 1.2. E K (37/2) does contain a Reebless foliation.
Proof:
Eudave-Moñoz [Eu] showed that E K (37/2) is decomposed along the incompressible torus T 2 into E K (37/2) = X L ∪ T 2 X R , where X L (respectively, X R ) is the left-handed (respectively, right-handed) trefoil knot complement.
Since X L (respectively, X R ) is fibered, take the leaves of the foliations which meet ∂X L = T 2 = ∂X R in simple closed curves of longitudinal slope and spiral them in a neighborhood of the torus. By adding T 2 as a leaf, neither side is a solid torus and so the resulting is Reebless.
It is remarkable that any essential lamination in E K (37/2) contains torus T 2 as a leaf [BNR] . The proof of Main Theorem also can be used to show there is no transversely oriented essential lamination except p/q = 37/2. The following theorem immediately follows from the results of [RRS] . Theorem 1.3. If p/q > 18, p is odd, and p/q = 37/2, (p/q)-Dehn surgery for the (-2,3,7) -pretzel knot gives a 3-manifold without transversely oriented essential lamination.
If M contains an essential lamination with no isolated leaf, a leaf space corresponds to R-order tree [GO] . In this case, π 1 acts on R-order tree instead.
Since E K (37/2) is Haken, it contains transversely oriented essential lamination. In fact, there is the suspension of the stable lamination in E K (p/q) which remains essential when |p − 18q| > 1. Main Theorem and the argument above imply the following. This paper is organized as follows. In Section 2, we discuss some basic properties of π 1 (E K (p/q)). Section 3 gives an outline of theory of group actions on (nonHausdorff) simply connected 1-manifold. In Section 4, we will prove the nonexistence of R-covered foliation in E K (p/q). And the proof of the Main Theorem is contained in Section 5 and 6.
All results in this paper were obtained while the author was visiting professor Rachel Roberts and professor John Shareshian in the Washington University in 2002. This paper would not be possible without their help. The author would like to express thanks to them for their hospitality that makes visit to St. Louis enjoyable and remarkable.
Fundamental Group
This section contains useful properties and a presentation of (-2,3,7)-pretzel knot group. In later sections, we will analyze the group actions on an orientable (nonHausdorff) 1-manifold. The following proposition implies the action can be restricted to the orientation preserving one. Let J be a knot in S 3 and E J be the exterior of J. 
Therefore we have a commutative diagram below. Because p is odd, we get a contradiction.
Corollary 2.2. Let X be any oriented manifold and let
Proof: Suppose otherwise. Note that [Homeo(X) :
is an index 2 subgroup of G 0 . By Proposition 2.1, it is impossible.
Using the computer program SNAPPEA [We] , we can obtain a presentation of the fundamental group of the knot (or link) complement and the peripheral words using an ideal tetrahedra decomposition. Denote (-2,3,7)-pretzel knot complement by E K . The fundamental group of E K and the meridian m and longitude l are
Of course, we have
Lemma 2.3 (Lemma 3.4, [RRS] ). There is some k ∈ G(p, q) such that m = k
The following relation plays a central role in our proof.
3. Group action on the leaf space
We begin with a short exposition of the theory of group actions on non-Hausdorff simply connected 1-manifold, taken from [RRS] . Let F be a Reebless foliation in M . Then F can be lifted to F in the universal cover M . The quotient space T = M / F is called the leaf space. The leaf space T is a simply connected, 2nd countable 1-manifold [CC] . But, in general, it is not necessarily Hausdorff. Moreover there is an 1-1 correspond between simply connected 1-manifolds and planar foliations in R 3 up to conjugate by Palmeira [Pa] (see also [CC] for details). Gabai and Kazez [GK] extends this relation to the essential laminations and R-order trees.
We recall here some terminology and definitions in [RRS] . Given x, y ∈ T , we consider the geodesic spine y] ] is the union of a finite number of disjoint (possibly, degenerate) closed intervals.
[
Fix an orientation on T . For x ∈ T , T \ {x} has exactly two components since T is simply connected. If U is a connected Euclidean neighborhood of x, the two components of U \ {x} lie in distinct components of T \ {x}(Exercise C.1.4, [CC] ). Only one component, say, U + is in the positive direction of x. Let x + be the component of T \ {x} containing U + and let x − be the component T \ (x + ∪ {x}). Now we define a partial relation ≤ on T . For x, y ∈ T ,
It follows that every map in Homeo + (T ) preserves this order ≤. Define a relation ∼ on T by x ∼ y if and only if x and y are not separated in T .
Set
[x] = {y ∈ T |y ∼ x}. If x ∼ y, let T {x,y} denote the submanifold defined as follows:
• if x ∈ y + (equivalently, if y ∈ x + ), set T {x,y} = z∼x and z∼y z + , and
The relation ∼ is reflexive and symmetric, but not necessarily transitive. However, by Denjoy blowing up, we can modify F so that ∼ is an equivalent relation (see Appendix in [RRS] ). In what follows we shall assume ∼ is an equivalence relation. Define the Hausdorff tree T H = T / ∼.
If X, Y are disjoint, nonempty, spine-connected subsets of T , the bridge from X to Y is the intersection of all paths in T with one end point in X and the other in Y . Similarly, we can define the bridge in T H .
For any group G acting on T , if g ∈ G, denote F ix(g) = {x ∈ T |xg = x} and N onsep(g) = {x ∈ T |xg ∼ x}. We say the action is trivial or has a global fixed point if there is some x ∈ T such that x ∼ xg for all g ∈ G.
Define the characteristic set associated to g by
Lemma 3.1 (Lemma 4.7, [RRS] ). Let x ∈ T . Then x ∈ C g if and only if x and xg are comparable with respect to the partial order ≤.
for all i, j. In each case, the action of g on A g is conjugate to an action by translations. In T H , the image of A g is homeomorphic to R.
Suppose Y is a g-invariant embedded copy of R in T on which g acts freely. Then we call Y a local axis for g. Now suppose that N onsep(g) = ∅ and let T i for some i ∈ I, denote the path components of T \ N onsep(g). Notice that T i g = T j for some j ∈ I. Moreover, whenever T i g = T i , g acts freely on T i , and hence this local action has an axis A i g ⊂ T i . One can check that such an A i g ≈ R and hence is an example of a local axis for g. Lemma 3.3 (Lemma 4.10, [RRS] ). Suppose N onsep(g) = ∅. Then C g = F ix(g) ∪ {x ∈ T |x lies on a local axis for g}.
Lemma 3.4 (Corollary 4.12, [RRS]). If there is some
Lemma 3.5 (Corollary 4.13, [RRS] ). Let g ∈ G. Then both C g and C g ∪N onsep(g) are spine-connected.
Sometimes it is useful to consider an object obtained by adding one pointsx, called an ideal point of T , to T for each ∼-equivalence class [x] in T which contains more than one point. This object, denoted by T , is called the completion of T . We say that an ideal pointx is a source if whenever y, z are distinct elements of [x] we have y ∈ z − and we say thatx is a sink if whenever y, z are distinct elements of [x] we have y ∈ z + . Note that every ideal pointx is either a source or a sink. The action of any subgroup of Homeo(T ) extends to an action on T in the obvious way, that is, we setxg =ŷ if [x]g = [y]. We want to extend our partial order on T to T so that group actions on T obtained from orientation preserving actions on T preserve this extended partial order. For an ideal pointx, we definê
and setx − = T \x + .
Note thatx
, for x, y ∈ T , we have x + ⊂ y + if and only if (xh) + ⊂ (yh) + . So we extend the partial order ≤ in T to T . Whenever possible, we will use T H instead of T to avoid tedious arguments when we deal with non-Hausdorff points and to use the simply connectedness.
Lemma 3.6 (Lemma 5.6, [RRS] ). Any nontrivial action of G on T canonically induces a nontrivial action of G on T H .
The action of π 1 (M ) on M induces a right action by homeomorphisms on T . That is, there is a homomorphism
By Corollary 2.2, we can assume Φ :
Thus we have
By [CD, Theorem 7 .9], we can assume Φ is injective, that is, π 1 acts faithfully. We will abuse the notation G(p, q) for the image of Φ. When there is no ambiguity, we will simply say that G(p, q), instead of Φ(G(p, q)), acts on a leaf space T .
R-covered foliation
In this section, we will prove nonexistence of R-covered foliation in E K (p/q) for p/q ≥ 10.
The following lemma will be used in several times in the proof of Main Theorem. If one wish to analyze other 3-manifold group following [RRS] , this lemma seems to be a criterion in choosing a presentation of a group.
Lemma 4.1. Let G(p, q) act on a partially ordered set P . Suppose that G(p, q) preserves order. If some x ∈ P satisfies either of the conditions (1) xκ = x and x, xα are related in P , or (2) xα = x and x, xκ are related in P then x is fixed by every g ∈ G(p, q).
Proof:
Suppose xκ = x. Then we can assume x < xα because G(p, q) =< κ, α >. Then (4.1)
Since x < xα, we have x < xβ < xβ 2 . Contradiction to (4.1). Similarly, if xα = x we may assume x < xκ. Then
Hence x < xβ 2 . Contradiction to (4.2).
Lemma 4.2. If q > 0 and xκ > x for all x ∈ R then x > xβ.
Proof: Since xα
and xαβ −1 < xα 2 . By replacing xα with x we get xα > xβ −1 , and (4.4)
for all x ∈ R. This implies x > xβ.
Proposition 4.3. If p/q ≥ 10 and φ : G(p, q) −→ Homeo + (R) is any homomorphism then there is some x ∈ R which is fixed by every element of φ(G(p, q)).
Proof: By Lemma 4.1, we may assume xκ > x for all x ∈ R. Then x > xβ for all x ∈ R by Lemma 4.2. Since
Lemma 4.1 implies that xα > x for all x ∈ R.
Since xµ > x, x > xαβ 2 for all x ∈ R. Therefore (4.6) x = xα 2 βα(αβ
Now, we will prove the following.
(4.7) xα > xµ 2 for all x ∈ R.
To see this, note that this is equivalent to xα 2 β 2 αβ 2 > x.
From (4.7),
So we have
It follows that
by (4.7)
> xµ 2 µ 6 by (4.8)
Since we assume xκ > x, 18q − p > 10q. Hence p/q < 10. Contradiction to the hypothesis.
We suspect that the Proposition is still true for p/q ≥ 9. On the contrary, it is likely that the taut foliation for the coefficients p/q ∈ (−∞, 9) are R-covered.
N onsep(κ) = ∅
In this section, we will show the Main Theorem when N onsep(κ) = ∅. From now, we will assume p/q > 18 ⇔ p − 18q > 0, unless specified otherwise.
Proof: Consider the action on T H . There are 3 cases for A κ ∩ A κ α.
(
For case (1), A κ ≈ R is invariant under ImΦ and hence there is a fixed point in T H by Lemma 4.3. Thus, there is a global fixed point in T by Lemma 3.6.
Case (2) will be proved in Lemma 5.4 and case (3) in the Lemma below.
Proof: The relation (3.3) applies to give
We will compare the bridges from A κ to A κ α 2 µ and A κ α 3 κ p−18q α 3 to find a contradiction.
In T H , we define a total order on A κ by x xκ for all x ∈ A κ . Let [r, s] be the bridge from A κ to A κ α in T H .
( Fig 2, we see that the end point of the bridge from A κ α to A κ α 2 is
On the other hand, the bridge from A κ α 3 to A κ α 2 µ begins at
For all three cases, we have rκ p−18q α 3 = rα 3 ⇔ rκ p−18q = r. But r ≺ rκ p−18q . Contradiction. (Fig 3) . So the bridge from A κ to A κ α 2 µ is [rµ, sαµ] (Fig 3) . (Fig 5) .
Owing to the following lemma, we can rule out the case that α acts on A κ with fixed points in T H when we prove Lemma 5.4
Lemma 5.3. Suppose that in T , we have N onsep(α) ∩ A κ = ∅. Then the action G(p, q) on T is trivial.
Proof: If x ∈ F ix(α) ∩ A κ = ∅, then d(x, xκ) is necessarily even, and hence x and xκ are comparable with respect to ≤ on T . Then Lemma 4.1 applies. So we may assume that F ix(α) ∩ A κ = ∅, and choose
In the first case, Lemma 4.1 applied to the ideal point determined by [x] shows that the action of G(p, q) on T is trivial. Now we assume the second case. Since x ∈ A κ , we may assume xκ ≤ x (Fig 6) . Let d(x, xκ) = 2n > 0.
There are 5 subcases:
Contradiction. (2) y = xα 2 xβ = xα 2 κ p−18q α = yκ p−18q α > x and xβ ∈ (xα) − (Fig 7) . Then xβ
That is, p/q = 37/2. However, we have assumed that p/q = 37/2. (3) y = xα 2 and x = xα
. On the other hand, d(x, xµα 2 µ) = 4nq (Fig 8) . Hence 2n(p − 18q) = 4nq ⇔ p = 20q. But we assume p is odd. (4) x = xα 2 , xα 3 and y = xα (Fig 8) . (5) x = xα 2 , xα 3 and y = xα 2 , xα (Fig 8, 9) .
The following lemma, together with Lemma 5.2, will complete the proof of Proposition 5.1. Proof: Suppose otherwise. In T H , A κ ≈ R. Let denote the total order on A κ specified by x xκ for all x ∈ A κ . With respect to this order, let r (respectively, s) denote the lower bound (respectively, upper bound), if it exists, of A κ ∩ A κ α. Otherwise, set r = −∞ (respectively, s = ∞). Note that at least one of r and s is finite because the intersection is a proper subset. When r = s let α denote a total order on A κ α such that and α agree on A κ ∩A κ α. Similarly, we define α 2 (respectively, α 3 ) on A κ α 2 (respectively, A κ α 3 ) to agree with α (respectively, α 2 ) on A κ α ∩ A κ α 2 (respectively, A κ α 2 ∩ A κ α 3 ). Let Y be an embedded copy of R in T H with a total order. Then the homeomorphism α r : Y → Y α r is order-preserving or order-reversing if some total order is defined in Y α r . Suppose that α : (A κ , ) → (A κ α, α ) is order-preserving. Then rα α sα and rα (Fig 10) ,
is a translation of the bridge from A κ to A κ α 3 κ p−18q by α 3 .
[sκ p−18q , rα Fig 11) .
On the other hand, the bridge from
See Fig 12. A κ α 3 rα 2 rαµ s sµ
Hence both r and s are finite. By (3.2), the second relation is equivalent to s = rβα 2 . Substituting this in the first relation yields
Hence both r and s are finite. We have
Then both r and s are finite. We have
Contradiction. Now we may assume A κ ∩ A κ α 3 = ∅ (Fig 13) . Then rα 2 α 2 s. Hence the
is an order-preserving map, the intersection between A κ α 3 and
On the other hand, the intersection between A κ α 3 and A κ α 2 µ is, in ≺ α 3 -order,
Since r and s are not necessarily finite, we will show a contradiction even when one of r and s is not finite. Recall that at least one of r and s is finite.
Case (2) of (I). For (II), note that A κ ∩ A κ α 3 = ∅. And every arguments in this case reduce to the case (I) with A κ ∩ A κ α 3 = ∅ and s ≺ sµ = rαµ (Fig 15) . (Fig 16) 
The line of reasoning used in this section shows that one actually has Lemma 5.5. Suppose Y is a κ-invariant embedded copy of R in T on which κ acts freely. If
then the action G(p, q) on T has a global fixed point.
We will complete the proof of Main Theorem by showing below that there is no nontrivial action on T when N onsep(κ) = ∅ Lemma 6.1. There is no x ∈ T which is nonseparated by κ and α.
Since x ∼ xµ, we get a contradiction.
Proof: Let x ∈ N onsep(κ) ∩ C α . By Lemma 4.1, we may assume that x ∼ xκ but x = xκ. Set T 0 = T {x,xκ} . We assume that x < xα.
If xα −1 ∈ T 0 or xα ∈ T 0 , then the ideal pointx ∈ T is fixed by κ and related tô xα, and Lemma 4.1 applies.
So we may assume that xα, xα −1 ∈ T 0 . Since x < xα, either T 0 ⊂ x + and xα ∈ y − for some y ∼ x, y = x or T 0 ⊂ x − and xα ∈ y + for some y ∼ x, y = x. We may assume the first possibility holds. Note that {x, y} ⊂ [[xα −1 , xα]] and so d(x, xα) = 2n > 0. In particular, we have N onsep(α) = ∅ and C α = A α by Lemma 3.4 (Fig 18) . We can also assume that x = xκ p−18q and y = yκ p−18q by Lemma 6.2.
Figure 18. C α Then we have 3 cases.
(1) yµ = y and (Fig 19) . Since n > 0, this is impossible. (2) yµ = y and x = yκ p−18q . (Fig 20) . Therefore xβ > yα (Fig 20) . Contradiction. Fig 19) .
Proof: Let x ∈ N onsep(α) ∩ C κ . By Lemma 3.3, either x ∈ F ix(α) or x lies on some local axis A i κ ≈ R (in T ) for κ. By Lemma 6.1, we may assume that x lies on some local axis A i κ . Then either x ∈ F ix(α) or the ideal pointx ∈ T is fixed by α and related toxκ. In either case, Lemma 4.1 applies.
Lemma 6.5. If G(p, q) acts nontrivially on T , then:
• C κ ∪ N onsep(κ) ⊂ X j0 for some j 0 ∈ J , and • C α ∪ N onsep(α) ⊂ T i0 for some i 0 ∈ I.
Proof: By Lemma 6.4, (C κ ∪ N onsep(κ)) ∩ N onsep(α) = ∅. By Lemma 3.5 therefore, C κ ∪ N onsep(κ) ⊂ X j0 for some j 0 ∈ J . A symmetric argument proves the second statement.
Proposition 6.6. Suppose N onsep(κ) = ∅. Then the action is trivial.
Proof: Let i 0 , j 0 be as guaranteed in Lemma 6.5. Suppose first that T i0 κ = T i0 . As remarked above, A Consider first the possibility that X j0 α = X j0 , and hence A j0 α ⊂ T i0 . In fact, T i0 ∩ X j0 is a subtree of T containing both A N onsep(α) ) and hence are not elements of T i0 (respectively, X j0 ), and therefore cannot be on the bridge. Hence this bridge has the form [[u, v] ] or [[u, v) ), where u and v are not separated from points in A κ α in this case, we see that one of the two conditions of Lemma 5.5 is satisfied, and so once again, the action of G(p, q) on T must be trivial.
Next consider the possibility that X j0 α = X j1 = X j0 . Let y and yα denote the roots of X j0 and X j0 α, respectively. Let [[y, r] ] denote the bridge from y to A i0 κ in T . By Lemma 6.1, we may assume that r ∼ r ′ for some r ′ ∈ A Suppose that T i0 κ = T i1 = T i0 . In particular, x = xκ. As shown in the proof of Proposition 8.7 in [RRS] , we have xα ∈ x − and x ∈ (xα) − (Fig 21) . If x = xµ = xκ p−18q , then x = xκ p . Since (p, q) = 1, x = xκ. Hence x is not equal to at least one of xµ and xκ p−18q . Suppose that x = xα 2 . Assume first x = xκ p−18q (and hence x = xµ). Then xαµ −1 = xα 3 µ −1 = xα −3 µα 2 = xαµα 2 . Since d(xµ −1 , xαµ −1 ) = d(x, xα) = d(xµ, xαµ) = d(xµα 2 , xαµα 2 ) and xµ −1 ∼ x = xα 2 ∼ xµα 2 , xµ −1 = xµα 2 (see Fig 22) ⇔ xα 2 = x = xµα 2 µ = xαβα
Since xµ −1 ∼ x, we get a contradiction. Now we can assume Note that xα 3 κ p−18q α 3 ∈ x − (Fig 23) . But xµα 2 µ ∼ xα 2 µ = xµ ∼ x. So xµα 2 µ ∈ x + ∪ {x}. Contradiction. 
